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Motivation

This lecture is devoted to the method known as Alternating
Direction Method of Multipliers (ADMM), which applies
to linearly constrained problems (most Machine Learning
optimization problems can be expressed in this way).

This method represents a potent approach to solving machine
learning problems in both centralized and distributed
frameworks.

Before we get into the steps of the ADMM algorithm, we will
review the basic theory of constrained linear optimization.
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Precursor 1. Lagrangian relaxation (1).

Let us define the following problem, which we will denote as
primal:
min f (x)
(P) | stugi(x)<0,i=1,---,m
hi(z)=0,i=1,---,p

whose solution is going to be denoted as p*: the value of z* that
minimizes f () while fulfilling the constraints.



Precursor 1. Lagrangian relaxation (1).

Let us define the following problem, which we will denote as
primal:
min f (x)
(P) | stugi(x)<0,i=1,---,m
hi(z)=0,i=1,---,p
whose solution is going to be denoted as p*: the value of z* that

minimizes f () while fulfilling the constraints.

A powerful optimization approach consists of defining a simpler
problem, called relaxation, solving it, and mapping this
solution into the original problem solution.

B This is known as the dual problem (and its solution is
denoted as d*).

B Desirably, d* = p* in order to have an useful relaxation.
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Precursor 1. Lagrangian relaxation (2).

Lagrange proposed using as a relaxed problem the sum of the
original function and the weighted contribution of the
constraints: the Lagrangian:

p
(37 B,a) = + Z/Bzgz Z il (l’)
=1

where B = 0, a; € R are Lagrangian multipliers.



Precursor 1. Lagrangian relaxation (2).

Lagrange proposed using as a relaxed problem the sum of the
original function and the weighted contribution of the
constraints: the Lagrangian:

p
(37 B,a) = + Z/Bzgz Z il (l’)
=1

where B = 0, a; € R are Lagrangian multipliers.

We obtain the Lagrangian dual function:

L(8, @) = min (f (@) + 3 Bigi () + > aihy (w>>
i=1 =1

whose principal property is that
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Precursor 1. Lagrangian relaxation (3).

Hence, the Lagrange dual problem is

D) [ maxL (B, ) ]
st:8>=0

B The solution of the dual problem is d* = L (3%, a*) < p*.
» This property is known as weak duality.

» If all functions are convex (always in our Machine Learning
problems), we have the strong duality property, that is
d* = p*, and hence, we can use this solution to obtain the
solution of (P).
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Example 7.1
Let us study the following primal problem

(2 2
(p)| Hin (e + s —2m)
stoa? 4+ 23— 229 <0

a) Construct the Lagrangian relaxation

L(z1,22,8) = (27 + 25 — 221) + B (2] + 25 — 222)
b) Obtain the Lagrangian dual function

L(B) = min (2} + 23 — 221) + B (2] + 23 — 222)

x1,T2



Example 7.1
Let us study the following primal problem

: 2 2
min (x9 + x5 — 2x
(P) | =122 ( 1 2 1)
stoa? 4+ 23— 229 <0

a) Construct the Lagrangian relaxation

L(z1,22,8) = (27 + 25 — 221) + B (2] + 25 — 222)
b) Obtain the Lagrangian dual function

L (B) = min (a:% + x% — 2351) + B (mf + x% — 2:1:2)

1,2
Taking derivatives, we have:

oL .
OL(@r2.B) gy 9y oge =0 af=
o0x1 !

OL (1,22, )

+ 8
B
1+ 5
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Therefore we have

Concavity of the Lagrangian function
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The maximum is L(B*) = 3
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Lagrangian multiplier



Example 7.1

Therefore we have

Concavity of the Lagrangian function
0.0

1+ BZ ) (6", L(5))
L :L (L’*,a?*, - — 210
6) =L mif) =~y |
The maximum is L(B*) = 3
_0-8284. =20

~0.5 0.0 0.5 1.0 15
Lagrangian multiplier

Let’s prove it!
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c) Solve the Lagrange dual problem Iél;i())(L (B).

Taking derivatives

dL(8) d (_11+j;>
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Example 7.1

c) Solve the Lagrange dual problem rélg())(L (B8).

Taking derivatives

dL(B) d (_1+52)_0
1+8)

g~ dp

we obtain:

B=-1+V2p"=vV2-1>0— L(B*)=d" = —0.8284



Example 7.1

c) Solve the Lagrange dual problem Igg{}){L (8).

Taking derivatives

L) (L),

A8 dg\ 1+

we obtain:
B=—1+V2-p8"=V2-1>0— L(B*) =d" = —0.8284
d) Obtain the optimum solution of the primal variables

1 1 . B V2 -1

Tt V2




Example 7.1
¢) Solve the Lagrange dual problem max[L (3).

B>0
Taking derivatives

L) (1)

dg_dB\ 1418

we obtain:
B=—-1£V2-=6"=vV2-1>0— L(B*)=d" = —0.8284
d) Obtain the optimum solution of the primal variables

' Ll+p V2

e) Calculate the optimum solution of the primal problem

sop , \ p* = () + (23)* — 227 = —0.8284



Precursor 2. Dual ascent (1).

This approach is advantageous when the solution of the dual
problem is not as easy to find as in the previous example, as it
relies on using gradient methods.
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Precursor 2. Dual ascent (1).

This approach is advantageous when the solution of the dual
problem is not as easy to find as in the previous example, as it
relies on using gradient methods.

Starting again from the Lagrangian

p
L(z,8,a) = )+ Zﬁzgz Z ihi (2)
=1

If we assume that strict duality holds, we know that the optimal
values of the primal and dual problems are the same:

B, a* =argmax L (z*, 3, o)
ﬁ7a
x* = argmin L (z, 3%, a*)

x



Precursor 2. Dual ascent (2).
The dual ascent method consists of iterating the updates:

Tk+1 = arg minl (QZ', Bk ak‘)
x

Br+1; Qg1 = argmaxL (zp41, 5, @)

e



Precursor 2. Dual ascent (2).
The dual ascent method consists of iterating the updates:
Tk+1 = arg minl (QZ', Bk ak‘)
X

Br+1; Qg1 = argmaxL (zp41, 5, @)

e

whose iterative implementation is:

OL(zx,B,«
R e

T=x
6L(1‘k+1 767ak)

5=/5k>

‘a:ak

Br+1 = Br + Ypmax (07

OL(xk11,Brr1,0
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Precursor 2. Dual ascent (2).
The dual ascent method consists of iterating the updates:
Tk+1 = arg minl (QZ’, Bk ak:)
X

Brt1, g1 = arg maxL (zp41, 5, @)

,Q

whose iterative implementation is:

OL(zx,B,«
R e

T=x
6L(mk+l 767076)

ﬁ=ﬁk>

a=qy

Br+1 = Br + Ypmax (07

OL(xk11,Brr1,0
1 = ay, + vy, L Pr1,0) T )

With appropriate choice of ~g:
B The dual function increases in each step, i.e.,
L (Tk41, Brt1s k1) > L (@1, Brs )

ﬂ This method can also be used when L (z, 3, y) is not
differentiable using the subgradient of L.



Example 7.2

Implement the dual ascent problem of Example 7.1 described
by the following iterations (per coordinate):

Try11 = Th — M (2281 — 2+ 2Bw8,1)
Tp12 = Te2 — (222 + B (2282 — 2))
Br+1 = Bk + 7 max (0, xim + 93%+1,2 - 2$k+172)
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Example 7.2

Implement the dual ascent problem of Example 7.1 described
by the following iterations (per coordinate):

Try11 = Th — M (2281 — 2+ 2Bw8,1)
Tp12 = Te2 — (222 + B (2282 — 2))
Bry1 = By + ymax (0, xim + x%+1,2 - 2$k+172)

Dual ascent Algorithm
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= Evolution z;
0.24 -2

= Evolution

-}

Evolution 3

-

Number of iteration



Equality constrained convex problem

Now, we will focus on an equality-constrained convex
optimization problem

min f (x)
st.Ax=Db
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L(x,B) = f(x) + 8" (Ax —b)



Equality constrained convex problem

Now, we will focus on an equality-constrained convex
optimization problem

min f (x)
st.Ax=Db

The Lagrangian for that problem is
L(x,8) = [ (x) + 8" (Ax —b)
so the dual ascent method consists of iterating the updates:
Xk+1 = argmin L (x, B)
x

Br+1 = Br + Yk (Axp41 — b)

With appropriate choice of 74 the dual function increases in
each step, i.e., L (Br+1) > L (Br).
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Dual ascent can lead to a decentralized algorithm if f is
separable f (x) = 24:1 fj (xz;) where x; represents the
corresponding coordinate.
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Dual decomposition (1).

Dual ascent can lead to a decentralized algorithm if f is
separable f (x) = Z] 1 [ (zj) where x; represents the
corresponding coordinate.

B Note that matrix A can be also correspondingly
partitioned into columns A = [ AAy - Ay ] SO

Ax = Z;‘lzl ijj.

Taking into account that

d
BT (Ax—b) =) (ﬂTAjrcj - CllﬁTb)

j=1
The Lagrangian can be written as:

d d

L(x,8) =Y L(x;,8 Z(fj x;) + BT Az — BTb>
j=1 J=1
ssp o[\



Dual decomposition (1).
Dual ascent can lead to a decentralized algorithm if f is
separable f (x) = 2?21 fj (z;) where x; represents the
corresponding coordinate.
B Note that matrix A can be also correspondingly
partitioned into columns A = [ AAs- Ay ] SO
d

Ax = Zj:l A]’.’E]’.

Taking into account that

d 1
87 (Ax—b) = - (87 Ase; ~ 57

J=1
The Lagrangian can be written as:

d d

L(X,,@):ZL (5,8 Z(fﬂ zj) + BT Ajx; — ﬁTb>
j=1

Jj=1

sp 1/ \» : Lj(zj.y)




Dual decomposition (2).

Thus, the minimization step can be split in d separate problems
that can be solved in parallel:

Tpy1,; = argmin L; (x5, By) vy

Ty

Bi+1 = Br + Yk (Axp41 — b)



Dual decomposition (2).

Thus, the minimization step can be split in d separate problems
that can be solved in parallel:

Tpy1,; = argmin L; (x5, By) Vi

Ty

Bi+1 = Br + Yk (Axp41 — b)

Each iteration of the dual decomposition method requires a
broadcast (xj41,;) to the rest of the nodes and a gather
operation to obtain 81 locally, and hence, it is similar to the
Map-Reduce scheme introduced previously.
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Precursor 3. Augmented Lagrangian and the method of
multipliers

To guarantee convergence without the assumption of strict
convexity of f, we can define the augmented Lagrangian:

Ly(x,8) = f (x) + B7 (Ax—b) + £ | Ax — b}

This problem is equivalent to the original one and can be solved
by the dual ascent method, which is known in this case as the
method of multipliers.



Precursor 3. Augmented Lagrangian and the method of
multipliers

To guarantee convergence without the assumption of strict
convexity of f, we can define the augmented Lagrangian:

Ly(x,8) = f (x) + B7 (Ax—b) + £ | Ax — b}

This problem is equivalent to the original one and can be solved
by the dual ascent method, which is known in this case as the
method of multipliers.

By definition, X1 minimises L, (x, B%), so:

0 = vpr (Xk+17 ﬁk)
= Vxf(xp41) + AT (Bp + p (Axpy1 — b))
= Vsuf(xpi1) + ATBria



Augmented Lagrangian and the method of multipliers

Thus, the minimisation step looks similar:

X1 = argmin L, (x, B)
X
Br+1 = Br + p(Axp41 — b)



Augmented Lagrangian and the method of multipliers

Thus, the minimisation step looks similar:

Xp+1 = argmin L, (x, By)
xX
Brt+1 = Br + p(Axpy1 — b)

This method has superior convergence due to its strong
convexity properties, but it is not separable as the former one.



Augmented Lagrangian and the method of multipliers

Thus, the minimisation step looks similar:

Xp+1 = argmin L, (x, By)
xX
Brt+1 = Br + p(Axpy1 — b)

This method has superior convergence due to its strong
convexity properties, but it is not separable as the former one.

ADMM intends to integrate these two advantages [1].
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Alternating Direction Method of Multipliers (1)
ADMM solves problems in the form:

ming (x) + h (z)
X,Z
st.Ax+Bz=c

where g and h are convex and the former variable x has been
split into two parts x, z.



Alternating Direction Method of Multipliers (1)
ADMM solves problems in the form:
ming (x) + h (z)
s.ty. Ax+Bz=c

where g and h are convex and the former variable x has been
split into two parts x, z.

The augmented Lagrangian is:
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Alternating Direction Method of Multipliers (1)
ADMM solves problems in the form:
ming (x) + h (z)
s.ty. Ax+Bz=c

where g and h are convex and the former variable x has been
split into two parts x, z.

The augmented Lagrangian is:
Ly (x,2,8) = g (x)+h (2)+B” (Ax + Bz — c)+L | Ax+ Bz — c|
so, ADMM consists of the iterations:

Xp4+1 = argminL, (X, zx, By)
X
Zpy1 = argminL, (Xg41,2, Br)
VA

8 Br+1 = Br + p (Axpy1 + Bzpyy —c)



Alternating Direction Method of Multipliers (2)

©® Although (x,z) can be updated simultaneously, ADMM
proposes a sequential fashion in alternating directions. This
precisely allows for decomposition when g or h are
separable.



Alternating Direction Method of Multipliers (2)

©® Although (x,z) can be updated simultaneously, ADMM
proposes a sequential fashion in alternating directions. This
precisely allows for decomposition when g or h are
separable.

® ADMM can be written slightly differently. Defining the
residual r = Ax 4+ Bz — ¢ and combining the linear and
quadratic terms [2]:

Blr+(p/2)lxlz = (p/2)llr+(1/p)BI3 — (1/2p) 18113
= (p/2)llr +ul3 ~ (p/2)][ul3

where u = (1/p)3 is the scaled dual variable.
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Alternating Direction Method of Multipliers (3)

Using u, ADMM looks like:

xipr = argmin (9 (<) + 2 |Ax + Bzg — o+ w3)
X

Zp+1 = argmin (h (z) + g |Axj41 + Bz —c+ ung)
z

upr1 = up+ Axppr +Bzgy —c



Alternating Direction Method of Multipliers (3)

Using u, ADMM looks like:

xipr = argmin (9 (<) + 2 |Ax + Bzg — o+ w3)
X

Zp+1 = argmin <h (z) + g |Axj41 + Bz —c+ ung)
z

upr1 = up+ Axppr +Bzgy —c

Under very mild conditions, as k — oo ADMM satisfies:

Residual convergence : rp = Ax; + Bz —c— 0
Objective convergence : g (xy) + h (zx) approaches the optimal
Dual variable convergence : B — B* (dual optimal point)

—s5p )\



ADMM in Machine Learning problems

ML problems can be straightforwardly rewritten in ADMM

form as:
min g (x) + h (z)

st.x—z=20
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xper = argmin (g(x) + 2 x - 2 + w3)

X
Zpy1 = argmin <h (z) + g |xp+1 — 2z + ung>
Upt1 = U+ Xpt1 — Z4l



ADMM in Machine Learning problems

ML problems can be straightforwardly rewritten in ADMM

form as:
min g (x) + h (z)

st.x—z=20

Whose solution is:

xper = argmin (g(x) + 2 x - 2 + w3)

X
Zpy1 = argmin <h (z) + g |xp+1 — 2z + ung>
Upt1 = U+ Xpt1 — Z4l

Observe that the two first equations are proximal problems of
the form:

1
Prox, s (z) = arg min (f () + — ||z — zH%)
@ 2n
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Example 7.3

Let’s consider the ridge regression problem from Example 6.1:

1 2 A 2
ZIXw — Z
~ |w — I3+ 5wl
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1 2, A 2
2 IXw — A
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h(z) = 3 |zl

Using the augmented Lagrangian formulation:

Ly(w.2,8) = g(w)+h(z) + 8" (w—2)+ L |lw -2z



Example 7.3

Let’s consider the ridge regression problem from Example 6.1:
1 2, A 2
2 IXw — A
L~y ]2+ 2 w2

To solve it using ADMM, we define g(w) = % | Xw — Y||§ and
h(z) = % ||zl3

Using the augmented Lagrangian formulation:
_ T P 2
Ly (w,2,8) = g (w)+h(2) + BT (w = 2) + & |[w — 2]
It is easy to find the updating formulas:

wi1 = (2XTX+ an)_l (2XT'b + npz), — nBy)
zir1 = (Be+pwi)/(A+p)

gsp o\, Br+1 Br + p(Wikt1 — Zg41)



Example 7.3

Look at the notebook Example_7_3, which applies the solution
for a problem with two variables and four samples.

Centralized ADMM

1.0
0.5 4
0.0 1 —— Coordinate 1
= Coordinate 2
== Block optimum coord. 1
== Block optimum coord. 2
_05 -
—1.0 4
_1.5 4

0.0 25 5.0 75 100 125 150 175
‘W_I\A/ Iteration



General L; Regularized Loss Minimization (1)

Consider the generic problem:

min (g (x) + h (z

where g is any convex loss function and h (z) = A ||z||;.



General L; Regularized Loss Minimization (1)

Consider the generic problem:

min (g (x) + h (z

where g is any convex loss function and h (z) = A ||z||;.

Using the scaled dual variable ADMM form, the problem can be
written as:

Xj41 = argmin (9 (x) + g [x —zx + U—kH;)
X

A
Zgr1 = Soft <Xk+1 + uy, p)

Upy1 = Ug + Xp41 — Zk+1
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General L; Regularized Loss Minimization (2)

B Soft (-, -) refers to the thresholding operator defined in
Chapter 3.

B Depending on g term
Xp41 = arg min (g (x) + 5 l|x — 2z, + ung) can be solved
X

using different approaches.

» If g is smooth, it can be solved using Newton,
quasi-Newton, or the conjugate gradient algorithms.

» If quadratic, it leads to a set of linear equations.

» If non-smooth, proximal, or subdifferential methods have to
be applied.



case_study_7_1

Use the ADMM formulation to solve the LASSO cost function.

In this case, g(w) = 2 | Xw — y||? and g(z) = A |z,

n



case_study_7_1

Use the ADMM formulation to solve the LASSO cost function.

In this case, g(w) = 2 | Xw — y||? and g(z) = A |z,

n

Thus, the algorithm will look like this:
2o o g
Wit = | X XAl X0y +p (2 — ug)

A
zpr1 = Soft (Wk+1 + ug, ,o>

Upy1 = U+ Wiyl — Zgt1

—s5p )\



case_study_7_1

You should obtain a result like the following one:

25

—25 4

—50

MSE

—100 A

—125 4

—150 -

—175 1

Lasso. Different implementations

—75 4

== Subgradient.Fixed
== Subgradient.Decay
m— |STA
FISTA
m— ADMM

0 160 Z[I)O 360 460 560

Iterations




The ADMM Logistic-Ly algorithm

Let’s remember the logistic loss function and add a Lo
regularisation term:

1 A w2
L= - z;log(l + exp (_inTXz‘)) + 9 w3
1=



The ADMM Logistic-Ly algorithm

Let’s remember the logistic loss function and add a Lo
regularisation term:

1 ¢ A
== Zlog(l +exp (—yw'x;)) + B} HZHS

i=1 ——
h(z)
g(w)
1 z”: 1
- X;
n < Y\ T exp (yiwTx;)



The ADMM Logistic-Ly algorithm

Let’s remember the logistic loss function and add a Lo
regularisation term:

1< A
= Zlog(l + exp (_inTXi)) + 9 qug
i=1 N——
~~ h(z)
g(w)

1 z”: 1
n 1+ exp (y;wTx;)

Therefore, the minimisation of w1 step can addressed using a
gradient-based algorithm and zg; can be solved using the
prox_quadratic function.

—s5p )\




case_study_7_2
You should obtain a result like the following one:

Logistic-L2. Different implementations

m—— Gradient
40 4 m— Newton
= BFGS
— ADMM
20
04
w
)
=
—204
-40
—60 4
0 100 200 300 400 500

Iterations



Consensus ADMM

The main idea is to formulate ML problems using the ADMM
framework within a new perspective known as Consensus.
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Consensus ADMM

The main idea is to formulate ML problems using the ADMM
framework within a new perspective known as Consensus.

Let’s consider a simple problem:

mln f(x mln Z gi (

where
B x € R and g; : R — R U {+0c} are convex.
B Initially, let’s consider h (x) = 0.

B 1, refers to the number of blocks or nodes where our data is
collected.
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Initial simple approach (2)

Suppose that we intend to solve a LS problem with n samples:

m}inf (x) = — Z (a;fpx — bi)2
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Initial simple approach (2)
Suppose that we intend to solve a LS problem with n samples:

m}inf (x) = — Z (a;-rx — b;)

i=1

but we want to split our calculations into two nodes:

n/2 n
m}inf (x) = %Z (alx — bi)2 + % Z (af x — bi)2
i=1 n/2+1

We can define for each node the following functions to optimise:

n/2 n
1 1
g (x) = - E (aiTx - bi)Q, g2 (x) = - E (alTx - bi)2
i=1 n/2+1



Initial simple approach (3)

The goal now is to solve this problem so that a different
processing unit can handle each term.
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local version of the vector x; and a shared global variable z
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X;

st.x,—z=0 ¢=1,---,my

with np = 2



Initial simple approach (3)

The goal now is to solve this problem so that a different
processing unit can handle each term.

This problem can be rewritten assuming that each node has its
local version of the vector x; and a shared global variable z

H}lci_n Z?il gi (x;)
st.x,—z=0 ¢=1,---,my
with np = 2

This formulation is called the Global Consensus Problem,
since the constraint is that all the local variables should agree.

—s5p )\



Initial simple approach (4)

ADMM can be derived directly:

Lp (X1, Xny, 2,81, Bny) = D02y (gi (x¢) + BT (xi —2) + 5 |Ix —ZHE)



Initial simple approach (4)

ADMM can be derived directly:
Lﬂ (X17 o 7X’ﬂb7z7ﬁlv o ﬂnb) = Z:L:bl (gl (xl) + IB;T (X’L - Z) + g ”Xl - zHg)

Making a similar development as in the centralized ADMM, we
can obtain the following algorithm:

. P
X1 = argmin (gi () + BT (xi — 7) + 2 s — 3
X;
1 ny l
Zpy1 = o ,2:1 <X/.A'v1 + pﬁi./f)
Bikt1 = Bik+p(Xikr1 — Zht1)
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Initial simple approach (4)

ADMM can be derived directly:
Lo (X1, " ,Xny, 2,81, Bny) = 202y (gz' (x¢) + BT (xi —2) + 5 |Ixi — ZH%)

Making a similar development as in the centralized ADMM, we
can obtain the following algorithm:

. P
X1 = argmin (gi () + BT (xi — 7) + 2 s — 3
X;
1 ny 1
Zpy1 = o 12:1 <X7’.A:-1 + pﬁm)
Bikt1 = Bik+p(Xikr1 — Zht1)

B Steps carried out independently for every node.

B Step performed in a fusion or data collector.
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Initial simple approach (5)

X5 sl
X1k+1
Q
@}
X3 k41
Step 1

Local calculation

Yokt
Vet

(@]

PV

Step 4
Local calculation

X,
Lk+1
Xk
Xy,
2,k+1
X2 k41
X3 4l
X3 ka1 :
Q. —
\ Lk+1
O X4
X3
step 21!
Sharing
Vijent
Vijent ’
Vo kn
Vo kn
) Py
Py >

Vijent
O Yrga

Py
Step 5
Sharing

V4

k+1

Zka /@
O Zks
Step 3

Joint calculation

X2 k42
Xk+2

O
X342

Step 6 = Step 1
Local calculation




Fully connected networks (1)

Let’s now include the regularisation effect:

min Yot gi (xi) + h(z)

st.x,—z=0 ¢=1,---,my



Fully connected networks (1)

Let’s now include the regularisation effect:
min 7%, g (x,) + h(2)
st.x,—z=0 ¢=1,---,my

The resulting ADMM algorithm is:

- p
xipn = argmin (g, () + BT, (6 — 20) + & - )
Xi
Zry1 = argmin (h —i—Z( kz—i— ’sz+1 —zH2>>
Bikt1 = Bik+p(Xigy1 — Zk+1)

—s5p )\



Fully connected networks (2)

Defining again the residual r = (x; — z;) as before, and using
the scaled dual variable u;; = %BM, ADMM looks like:

xirn = argmin (g (x) + & o — 2+ wi3)
7
Zp11 = argmin <h(z) + n;/} |z — Xp11 — ﬁ;,Hj)
. ‘
Wil = Uik + Xikt1 — Zk+1
where %, — - > % and vy = €L Yo w.

ny ny
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Example 7.4

Calculate the solution of Example 6.1 again, but this time as an
ADMM distributed model splitting the samples into four nodes.

4
2 (Xiwi —yi)* + 5 |25

stwi—z=0 +1=1,---,4

A=

min
minf (w) —
w



Example 7.4

Calculate the solution of Example 6.1 again, but this time as an
ADMM distributed model splitting the samples into four nodes.

4
ming > (Xiw; —yi)* + 3 |zl
=1

minf (w) —
v stwi—z=0 +1=1,---,4

The Lagrangian in this case is

4
A
LP (Wlaw2aw3vw4vﬂlvﬁ2aﬁ37/84> Z le yZ §||Z||§+

4 4
p 2
+§:5?(Wi*ZW+§EZHWi*ZM
=1 =1



Example 7.4

Taking derivatives with respect to w, z and 3...
* -1
w; = (X;‘FXZ + 2pI) (2pz —26; + X;fpyi)

2t — Z?:bl Bi+p Z?:bl Wi
A+4p

O=w;, —z

We can directly translate them to the ADMM algorithm.
Notebook Example 7.4 shows an example for n, = 4.
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Example 7.4

Distributed ADMM. Fully connected network

Node_1_Coordinate 1
Node_1_Coordinate_2
Node_2_Coordinate 1
Node_2_Coordinate_2
Node_3_Coordinate 1
Node_3_Coordinate_2
Node_4_Coordinate 1
Node_4_Coordinate_2
Block optimum coord. 1
Block optimum coord. 2

L T T T T T

0 5 10 15 20 25
Iteration



Case_study_7_3

Implement the LASSO algorithm using distributed ADMM. In
this case, ADMM looks like:

. 1
Wik+1 = argmin (n 1Xwi — yill3 + g Wi — zx + ui,ng)
w;
Zr+1 = Soft (Wri1 + ug, A\/pn)
Wik+1 = Wik + Wikl — Zk41



Case_study_7_3

Implement the LASSO algorithm using distributed ADMM. In
this case, ADMM looks like:

(1 P
Wik+1 = argmin (n 1Xwi — yill3 + 5 Wi — zx + ui,k”%)
w;
Zpr1 = Soft (Wk+1 + ug, )\/pn)
Wik+1 = Wik + Wikl — Zk41

The w—update is very simple in this case:

2 )
Wik+1 = <HX?X1 + PI> <anTYz + p (zk — ui,k))

It can be implemented using the prox_quadratic function used
before.

—s5p )\



Case_study_7_3

Lasso. Different implementations

—50 4

E

2 _1001

—150 A

—200 A

= Subgradient.Fixed
=== Subgradient.Decay
— |STA

FISTA
— ADMM
Distributed ADMM

500

1000 1500 2000 2500 3000
Iterations




Case_study_7_4

The goal of this case study is to implement the Ridge algorithm
using the distributed ADMM. It is very similar to the LASSO

problem but with a different second equation.

. (1 P
wiger = angmin (5 [Xows = yil§ + 5 Iwi - 20+ el
x;
_ (A 2 Np _ — 2
zpr1 = argmin | o [|z]l; + o Iz = Wi — Wl
z
Wik+1 = Wik + Wikl — Zkt1



MSE

Case_study_7_4

Ridge Algorithm

= Gradient
50 § — Newton
= BFGS
= ADMM distributed
0 -
-50 1
—100 A
—150 A I
—200 A

0 500 1000 1500 2000 2500 3000
Iterations



Questions?
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